This paper deals with divergent logistic networks where the inventory at each node is controlled using a periodic review strategy with order-up-to level. An approximate method is presented to analyse the network performance (service levels, mean physical stock). The method is tested on a range of Z-echelon and 3-echelon networks by comparison to results from Monte Carlo simulation. We conclude that the approximation accuracy is sufficient for global network design in many practical situations.
Introduction
The optimal control of logistic networks has received increasing interest in the past decade. It is recognized that companies can gain significant cost reductions by increasing their logistic performance. In the literature, the attention has been mainly focused on multi-echelon control policies. Optimal control policies have been developed for some multi-echelon systems (cf. Clark and Scarf Cl] , Langenhoff and Zijm [2] and references therein). A prerequisite for applying these policies is full information transparency in the logistic chain, i.e. at any stage in the network complete information about downstream stock and demand should be available.
Unfortunately full informational transparency can be hard to accomplish in practice because it may require major organizational changes. In that case a local inventory control policy should be used at each stockpoint in the network. It is then possible to coordinate control such that overall costs are reduced: increasing the inventory level at one stage in the network may enable other stages to reduce their inventory levels without affecting the customer service level at the downstream stages of the logistic network (i.e. the stages serving the external customers).
The analysis of such logistic networks with local control is scarcely discussed in the literature. Some results are available for divergent (distribution) networks where a continuous review (b, Q) policy is used at each stockpoint (cf. van Beek [3] , Deuermeyer and Schwarz [4] , and Svoronos and Zipkin [S] ). Under a (b, Q) policy a stockpoint releases a replenishment order of fixed size Q each time the inventory position, defined as physical stock plus goods on order minus backorders, drops below the level b. A key part in the analysis is the calculation of the order delay due to stock-outs using Little's formula for the relation between the number of backorders and the delay.
However, with periodic review policies, the delay cannot be obtained using Little's formula. In this paper we discuss an alternative approach for the approximate analysis of divergent logistic networks with a periodic review (R, S) inventory control policy at each stockpoint. Our analysis involves two key phases. Firstly, we derive expressions for the performance characteristics at time t by choosing a suitable initial system conditon. Letting t --f cc yields (complex) expressions for the performance characteristics as a function of the order-up-to level S in a stationary situation. Secondly, we approximate these complex expressions as a function of S using a two-moment approximation (see also Ref. [6] ). A clear advantage of our approach is the fact that the number of restrictions on model parameters is limited. For example, Deuermeyer and Schwarz [4] , and Svoronos and Zipkin [S] discuss a one-warehouse -multiple-retailer model. They assume purely Poisson customer demand at the retailers and furthermore identical size and delay of replenishment orders issued by the retailers. Zipkin [7] discusses a multi-echelon model with compound Poisson demand, in which each location follows a simple one-for-one replenishment policy. The contribution of the analysis in this paper is the possibility to combine several complex elements in one model. Our approach allows compound Poisson demand, different retailer control strategies and different delay of the retailers' replenishment orders. Our main result is an approximate method to calculate mean physical stock and service levels in a distribution network with local (R, S) inventory control. Simulation results indicate that the approximation is quite accurate for the most important performance measures (the mean physical stock in the network and service levels to the customers). Errors on other performance measures (internal service levels in the network and mean physical stock at specific stockpoints) may be larger.
The remaining part of this paper is structured as follows. In the next Section we give a detailed model description and we introduce some basic notation. In Section 3 we give an outline of the approach used to approximate the network performance. We apply this approach to find expressions for performance characteristics of the downstream stockpoints and the other stockpoints (Sections 4 and 5, respectively). An algorithm description is given in Section 6. This algorithm is tested by comparison to Monte Carlo simulation. Experimental results for 2-echelon and 3-echelon networks are discussed in Sections 7 and 8, respectively. We end with some conclusions in Section 9.
Model description and basic notation
We consider a divergent logistic network through which a single product type is distributed. Fig. 1 . We describe our model further on the basis of this example.
The upstream stockpoint in the network is a manufacturer's warehouse containing finished products. Replenishment orders are issued to the factory. These orders arrive at the warehouse after some (stochastic) manufacturing lead time. The manufacturer supplies products to two distribution centres. Each distribution centre supplies three wholesalers, while each wholesaler supplies a group of local customers (e.g. retailers). The network distribution process is triggered by the demand of these local customer groups. We assume a compound Poisson process for the The normal time required to deliver an order from one stage to another (transport, paperwork) is a random variable. This normal order delivery time only concerns the period between order receipt at the supplier and order delivery at the customer. In other words, we assume that the time between order release by the customer and order receipt at the supplier is negligible. Furthermore, we assume that orders are delivered in the same order as they are released, so they do not overtake each other.
Orders arriving at a stockpoint on the basis of "First Come, First Served' (FCFS). If an order arrives and the available physical stock is insufficient to complete the order, it has to wait until additional stock has arrived. This waiting time is called delay. Thus the total order lead time consists of two parts: the normal order delivery time and the delay. A key part in the analysis is the determination of the delay and, hence, the total order lead time between each pair of stockpoints in the network. Each stockpoint controls its inventory level using some periodic review (R, S) policy. This policy means that the inventory position, defined as physical stock plus goods on order minus backorders, is reviewed each Rth time unit. At each review, a replenishment order is issued so that the inventory position immediately after placing the order equals the order-up-to level S. Each stockpoint uses its own control parameters R and S. We assume that the relation between the review periods of a receiving stockpoint j and its supplier i is described by a number rj E N, defined as rj = Ri,fRj* (2.1) Such a relation exists for all customers j of stockpoint i. So the review period of stockpoint i is a multiple of the review period of each customer j. This assumption will rarely be a restriction in practise. Typically, going from upstream to downstream in the distribution network, the planning frequency decreases from monthly to daily. Furthermore, a value rj 4 N results in a non-stationary demand process at the supplying stockpoint, i.e. the demand in consecutive review periods is not identically distributed. If average demand is higher in one review period than in the other, it is intuitively inappropriate to apply the same reorder policy for both periods. Therefore, a choice of the review periods which ensures stationary demand processes at all stockpoints in the network is preferred. Assumption (2.1) implies that the cumulative demand in consecutive review periods is independent and identically distributed since the demand process at downstream stockpoints is compound Poisson. Consequently, consecutive replenishment order sizes are also independent and identically distributed.
An important issue in a network where all stockpoints use periodic review inventory control strategies is the timing of reviews. Different stockpoints may have the same review period (e.g. 1 week), but replenishment orders may be issued on different days. For example, one wholesaler reviews its inventory position each Monday, the other one each Friday. This timing should be incorporated in the model, because it may cause unbalanced service levels of a distribution centre to different wholesalers. We indicate the timing of the reviews at stockpoint j by a parameter AjtZ (0, Rj]. The supplier ofj (stockpoint i) receives rj orders from stockpoint j during its review period Ri, which arrive at the times Aj + kRj for k = 0, 1,. . . , Tj -1. Now we have completed our model description. To analyse the network performance we need approximations for the following variables for each stockpoint j in the network: (a) The delay distribution for each customer of stockpoint i. This distribution is required to obtain the distribution of the order lead time, which is the sum of normal order delivery time and the delay. It is important to approximate this distribution accurately because the lead time is a key variable in the analysis. We focus on the first two moments of the lead time distribution, since research has shown that for many stochastic models the first two moments of random variables involved are sufficient for an accurate approximation (see, e.g., Tijms [S] ). Therefore, we need a method to approximate the first two moments of the delay for each intermediate stockpoint in the network. (b) The service level for each customer of stockpoint i, i.e. the fraction of demand that is delivered directly from stock on hand (without delay). We distinguish internal and external sevice levels. An internal service level is the service level offered by an intermediate stockpoint to another stockpoint in the network. An external service level concerns the service given by a downstream stockpoint to an external customer group. Of course the external service levels are most important for the network performance. Internal service levels are only instruments to achieve a target external customer service level. (c) The mean physical stock at stockpoint i. This is important as a cost factor.
Having a method to obtain these performance measures for each stockpoint, it is in principle possible to optimize the network performance.
For example, choose the various order-up-levels Si such that overall physical stock is minimized while satisfying some target external customer service level.
Before we present the analysis of the model, we introduce the following basic notation: 
&
= Length of the period between two consecutive reviews at stockpoint i. 'i = Factor, indicating the relation between the review periods at stockpoint j and its supplier stockpoint i (according to (1.1)). A_i = Shift parameter, indicating the relation between the timing of reviews at stockpoint j and its supplier stockpoint i. Reviews at stockpointj are planned at times Aj + kRj after each review at stockpoint i(k = 0, 1, . . . , rj -1). 
li,t =
Physical stock of stockpoint i at time t.
Ii =
iim Zi,l (the physical stock of stockpoint i at an arbitrary point in time). f'rn
Qi Ctl = The number of replenishment orders delivered to stockpoint i in the time interval co, t3.
KCt1, t21 = The cumulative demand at stockpoint i in the time interval [tl, t2] .
Outline of the approach
To analyse the network, we take the following two steps:
Step 
(3.3) j=w,
As will be seen later we only need the first three moments of the replenishment order size distribution for our approximations.
Step B: Determine the performance characteristics, based on the demand process as specified in step A. We start with the performance of the upstream stockpoint. We derive approximations for the mean physical stock at the upstream stockpoint, the first two moments of the delay incurred by each customer's orders and the service level to each customer. The first two moments of the delay are required to approximate the distribution of the lead time to each customer. Using this lead time distribution and the demand process as specified in step A we can determine the performance of each customer. In this way, working from upstream to downstream stockpoints, the network is analysed.
Now the crucial point is to determine the performance of some stockpoint ieS2 given the following parameters: i, consisting of an arrival process and the demand size distribution. For downstream stockpoints, the demand process is a compound Poisson process. For upstream and intermediate stockpoints, the demand arrival process is determined by the timing of the reviews at the stockpoints jEQ (i.e. the parameters rj and Aj). The demand size distribution is determined by the replenishment order size distribution of the stockpoints j E Ri (given by (3.1)-(3.3)). Because the demand process for upstream and intermediate stockpoints is clearly different from the demand process at downstream stockpoints, other approximate formulas have to be used. However, the basic approach is the same. In this Section, we give an outline of this basic approach. Application to downstream respectively upstream and intermediate stockpoints are discussed in the next two Sections.
To approximate the stockpoint performance, we apply the PDF-method as introduced by de Kok (d) Now we can easily approximate the performance characteristic for a range of values Si. Evaluation of H*(Si) is simple and by applying the inverse of the transformation (see (b)) to H*(Si) we can obtain the desired performance characteristic for a range of values Si. In fact there is in the case of a Coxian distribution no clear theoretical base for the PDFmethod. However, de Kok [6] shows that it leads to reasonably accurate approximations for a range of single stockpoint inventory models. The power of the PDF-method is the possibility to convert complicated expressions to computationally attractive approximations. The method is only applicable if a simple transformation H(Si) can be found and the moments of H(Si) can be obtained easily.
What remains is the derivation of expressions for the relevant performance measures to which the PDF-method can be applied. We deal with this in the next two Sections.
Analysis of downstream stockpoints
For downstream stockpoints we use the approach as introduced by van der Heijden and de Kok [lo] for a single-stockpoint (R, S)-model with compound Poisson demand. We proceed from an initial time t = 0 when we have the following situation: the inventory position at stockpoint i has just been reviewed and hence equals Si. There are no replenishment orders yet to receive nor backorders to deliver, so that the physical stock equals Si as well. Starting from this situation it is possible to derive expressions for the delay of a customer arriving at time t > 0 as well as the physical stock at time t > 0. Letting t --f cc we obtain expressions for the stationary delay distribution and the stationary mean physical stock. An expression for the customer service level is obtained using intermediate results for the mean physical stock. In this way van der Heijden and de Kok [lo] obtain the following expressions for the performance of downstream stockpoints:
The expressions (4.1)-(4.4) are suitable for the application of the PDF-method, but first we have to find a suitable transformation H(Si) for each performance measure. Such a transformation should satisfy conditions (i) and (ii) given in Section 3. This can be achieved in several ways. We focus on simple linear transformations, because then the first two moments of the random variable X associated with the distribution H(Si) can be obtained easily. 
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Similarly we obtain a simple linear transformation for the second moment of the delay as a function of the order-up-to level Si:
To apply the PDF-method to the service level, no transformation is required. We can simply use
(4.7)
Finally, the mean physical stock as a function of the order-up-to level Si can be shown to be monotonically non-decreasing in Si with 
The first two moments of the random variables X1-X4 are given in Appendix 1.
Analysis of upstream and intermediate stockpoints
To derive expressions for the performance measures for upstream and intermediate stockpoints, we use a modification of the approach as described in Ref. [lo] . Given the situation at the initial time t = 0 (see Section 4), they derive the following expression for the delay distribution of a replenishment order issued by stockpoint j (having supplier i) arriving at t = T + mRi:
Here we assume that replenishment orders arrive at the supplier (stockpoint i) one by one. Note that the delay may be different for the various customers of stockpoint i. The derivation of expression (5.1) for Poisson arrivals is given in Ref. [lo] . This involves two steps. First, compound Poisson demand implies that arrivals occurring within a review period are continuously uniformly distributed over the time interval with length Ri. Hence Tcan be eliminated from (5.1) by weighting by this continuous uniform distribution. Second, letting m -+ cc yields an expression for the stationary delay distribution. This expression is used to derive (4.1) and (4.2). Now consider the arrival process of replenishment orders from stockpoint j at the intermediate or upstream stockpoint i. It is ciear that these orders arrive at fixed times which are determined by the time coordination parameters Yj and Aj (see Section 2). Hence arrivals within a review period are discretely uniformly distributed over the time interval with Iength Ri: orders arrive at times Aj f kRj for k = 0,. . . , rj-Weighting by this discrete uniform distribution and letting m -+ 00 yrelds
w>O.
Integration over w gives the following expression for the mean delay: Note that the service level pj of stockpointj depends on its specific inventory control parameters. It is possible to specify different control parameters for different customersj of the same stockpoint i, as was mentioned in the introduction.
Finally, expression (4.4) for the mean physical stock remains valid, although application of the PDF-method leads to a different derivation. Both the transformation to a probability distribution function H(S,) and the derivation of the first two moments of the random variable associated with H(Si) are discussed in Appendix 2 for all performance measures.
Algorithm for network analysis
Now we have all the tools for an approximate analysis of a divergent logistic network. In this Section we summarize the stens to be taken. Initialize the current set of stockpoints to be analysed as Y = R". Analyse the performance of all stockpoints i E Y using the PDF-method.
That is, approximate the probability distribution functions H(Si) by a Coxian distribution H*(Si) using a twomoment fit for the following performance characteristics: Note that the PDF-method is suitable for approximating the stockpoint performance for a range of order-up-to-levels Si. We can use the PDF-method inversely too. For example we can fix the service level and find the required order-up-to-level Si using a numerical routine. The approximating probability distribution functions H*(Si) are evaluated quickly, so service level constraints can be handled easily.
Although we can evaluate the stockpoint performance for a range of order-up-to-levels Si simply, we should be careful when analysing the entire network. A change in the order-up-to level at stockpoint i means a change in the delay and hence in the lead time distribution to all customersj of stockpoint i. Therefore, the approximating probability distribution functions H*(Sj) are no longer valid for all j E Szi and these functions should be recalculated.
To test the approximate method as summarized in this Section, we make a comparison with results from Monte Carlo simulation. We consider two main model types, 2-echelon models and 3-echelon models. For each model a simulation of 100,000 time units is run. This means that at least 100,000 external customers per downstream stockpoint arrived during the simulation. Each simulation run is preceded by a run-in period of 1,000 time units to reach a stationary situation. No data are collected during this period.
We focus on the approximation accuracy for the service levels at various levels in the network and the mean physical stock in the entire network. The results of the comparison are discussed in the next two Sections (for 2-echelon and 3-echelon models respectively).
Numerical results for 2-echelon models
We consider the following type of Z-echelon models. There is one distribution centre, which supplies five wholesalers. Each wholesaler supplies one external customer group. We assume that these customer groups behave identically (i.e. the same customer arrival rate and the same demand size distribution). The distribution centre issues replenishment orders to a manufacturer which is not part of the network. This model is specified in detail by choosing the following parameters:
The length of the review period for the distribution centre (&) and for the wholesalers (R,). The timing of the reviews at the wholesalers relative to the reviews at the distribution centre (the values Aj). The customer arrival rate at each wholesaler (A). We assume a Poisson arrival process. The distribution of the customer demand at each wholesaler. We assume a Coxian-2 distribution for the demand. Hence, the demand is characterized by the mean ~1~ the square of the coefhcient of variation c2 CD]. Note that the square of the coefficient of variation of a random variable X is defined as
The normal order delivery time distribution for the distribution centre and for the wholesalers. We assume this distribution is Coxian-2 or deterministic and so it is characterized by the mean (/.+, and pp, respectively) and the square of the coefficient of variation (c'[PJ and c"[P,,,] respectively). The service level offered to the wholesalers (f3,) by the distribution centre and the service level offered to the external customer groups (pw) by the wholesalers. We assume that all wholesalers should offer the same service level to their customers. We use our approximate method to find the order-up-to levels Si such, that the prespecified service levels are met. Without loss of generality we may fix the mean customer demand PuZ, = 10 and the review period at the wholesaslers R, = 5. In fact, we choose a quantity dimension and a time dimension. To reduce the number of parameters involved, we fix the values Aj = 0.9, 1.9, 2.9, 3.9 and 4.9 for wholesalers 1 to 5, respectively.
To examine the performance of our approximate method under various circumstances, we vary the remaining 9 model parameters as shown in between approximation and simulation in tabular form is shown in Appendix 3. Figure 2 shows the relative deviation between the approximated and simulated mean physical stock in the network. This relative deviation is not very large (at most 5.1%). Detailed analysis shows that for some cases the mean physical stock at single stockpoints is approximated less accurately, but then errors compensate each other. We conclude that inventory holding costs can be approximated quite accurately unless the product value is clearly different at the various stages in the network (e.g. if final assembly takes place at the wholesalers).
The deviation between the approximated and simulated mean service level for the five external customer groups is shown in Fig. 3 . The absolute value of the approximation error (simulation minus approximation) is mostly less than 0.02, but for some cases it may rise to 0.05. Detailed analysis of the experimental results show that this occurs for the combination of long, deterministic lead times to the upstream stockpoint (the distribution centre) and infrequent reviews at this stockpoint. An intuitive explanation for this is the following. In the case of frequent reviews at the distribution centre the interarrival times of replenishment orders are short. So the mean delay of the wholesalers' orders tends to be relatively small compared to the normal, order delivery time. Hence, relatively large approximation errors in the delay lead to relatively small errors in the lead time of the wholesalers' orders. Conversely, infrequent reviews at the distribution centre lead to relatively /urge errors in the lead time of the wholesalers' orders. This lead time is a key variable in the approximation of the service level to the wholesalers' customers. Furthermore, it appears that the relative approximation accuracy of the delay is less for deterministic than for stochastic lead times. So the combination of infrequent reviews at the distribution centre and deterministic lead times of the distribution centres replenishment orders yields large approximation errors in the service level for external customers.
A similar comparison was made for the mean service level for the five wholesalers. It appears that the absolute value of the approximation error is somewhat larger than in the case of the service level for external customers, but this is not very troublesome. Firstly, the magnitude of internal service levels is clearly different from external service levels. An error of 0.05 when the service level equals 0.6 is not as bad as when the service level equals 0.95. Secondly, the internal service level is not important as a performance measure for the network. What counts is the service level for the final customers and the mean physical stock. The internal service level is only useful because it is easier to discuss the network design in terms of (internal) service levels rather than in terms of order-up-to levels. Finally we remark that the waiting times of external customers are not always approximated well. Better approximations are obtained using the method described by van der Heijden and de Kok [lo].
Numerical results for L&echelon models
In the previous Section we have seen that approximation errors in the performance of the upstream stockpoint (delay of the wholesalers' replenishment orders) can be transmitted through the network (service levels for external customers). This raises the question whether approximation errors accumulate in the network and lead to unacceptable errors in the performance measures as the number of echelons in the network grows. Therefore, it is important to examine the approximation accuracy in networks with more than two echelons.
In this Section we examine 3-echelon networks with the following structure. We have a manufacturer's warehouse which supplies three distribution centres and issues replenishment orders to the factory. Each distribution centre supplies five wholesalers and each wholesaler supplies one external customer group. Hence, the structure is similar to the one depicted in Fig. 1 , only we have three distribution centres, and fifteen wholesalers and external customer groups in the network.
The number of model parameters in the 3-echelon network is considerably higher than in the 2-echelon network. Therefore we include only those parameters in our examination which are probably the most important. The analysis of 2-echelon networks showed that the approximation accuracy is especially influenced by the normal order delivery time distributions and the review frequencies, so we restrict ourselves to the parameters as shown in Table 2 .
The notation is similar to the 2-echelon models. In addition to this notation, R, denotes the review period at the manufacturer and pd denotes the service level to each distribution centre. Further, ,up, and c2 [P,] denote, respectively, the mean and the square of the coefficient of variation of the manufacturers' replenishment normal order delivery time. Note that we have chosen ratios of review periods and mean normal order delivery times as parameters instead of the review periods and the mean normal order delivery times themselves. This is done to avoid the inclusion of irrealistic parameter combinations in the experiments (e.g. a higher review frequency at the manufacturer than at the distribution centres). In total we have 26 = 64 combinations. This number is acceptable, so we carried out numerical experiments for all parameter combinations. The parameters which are not shown in Table 2 Figure 4 shows the relative deviation in the approximation for the mean physical stock in the network. We see that the approximation is very accurate; the relative deviation never exceeds 2.5%. Again the mean physical stock is approximated less accurately for an individual stockpoint, but the errors compensate each other.
The approximation error in the mean service level for the 15 external customer groups is shown in Fig. 5 . The absolute deviation is less than 0.015 in many cases, but may rise to 0.035 in specific cases. Detailed analyses show that the approximation error is relatively large for relatively long, deterministic lead times at the manufacturer. Finally we remark that the internal service levels for the distribution centres are approximated reasonably well, but the internal service levels to the wholesalers are approximated badly. The absolute error may increase to 0.18! Hence we conclude that the approximation of ~~~~~~ff~ service levels is unreIiab~e. However, the network performance in the sense of e~~er~ff~ service levels and mean physical stock is approximated well in most cases.
Conclusions
In this paper, we discussed an approximate method to analyse divergent logistic networks with local (R, S) inventory control. Further the approximations for intcrrnaE service levels are unreliable, but this is less important. We conclude that the method is accurate enough to be used for global design of distribution networks with local (R, ts) inventory control, Possible subjects for further research can bez model extensions (orders are only partially backlogged, non-Poisson customer arrivals at the downstream stockpoint) finding design rules for stock allocation, the analysis of similar networks with other local inventory control strategies at the stockpoints.
In this appendix we give the moments of the random variables X, associated with the probability distributions W,(&) for n = 1,. L + T 4 as discussed in Section 4. These moments are required to apply the PDF-method for the approximation of the perfarmance of downstream stockpoints.
To approximate the mean delay of customers arriving at sto~kpoint igRD we need the first two moments of the random variable X1 associated with probability distribution function I-f,(Si) as defined by (4.5). Some elementary algebra yields For the second moment of the delay we need the first two moments of a random variable X2 associated with H2(Si) as defined by (4.2) and (4.6) We obtain In Section 5 we present expressions for the performance measures of upstream and intermediate stockpoints. In this appendix we give the transformations of these expressions to probability distribution functions H,(Si). Further we give the first two moments of the random variables associated with these distributions, which is sufficient to apply the PDF-method.
A2.1. The mean delay
We proceed from expression (5.3) for the mean delay of replenishment orders from stockpoint~ at its supplier, stockpoint i. Using this expression it can be shown that the mean delay as a function of the order-up-to level Si is monotonically non-increasing in St with Hence we can apply the PDF-method to the mean delay using the function
We can easily derive the first two moments of a random variable X5 associated with distribution H,(Si) from (5.3) and (A2.1):
ECX,l = with [x] is the Entier function in x, i.e. the largest integer smaller than or equal to x. In principle, the numbers aj,m can be obtained using numerical integration for which standard routines are widely available (e.g. Press, Flannery, Teukolsky and Vetterling [12] ). However, this may require a lot of computer time because many factors Uj,m may be involved in the calculation of the two moments of X5. Therefore we restrict ourselves to some specific cases, namely deterministic and Erlang distributed lead times. For deterministic lead times Li it is easy to see that Combining (A2.2)-(A2.7) we are able to calculate the first two moments of X5 using truncation of the infinite sum. We truncate this sum as soon as the relative change in the respective moments does not exceed some convergence criterion E > 0.
A.2.2. The second moment qf' fhe dela?j
From expression (5.4) we see that the second moment of the delay is monotonically nonincreasing in Sj with
Hence we can apply the PDF-method to the mean delay using the function (A2.8)
We can easily derive the first two moments of a random variable X6 associated with distribution HB(Si) from (5.4) and (A2.8):
To evaluate these expressions, we need the numbers bj,m and cj,". Similarly to ai,,, these numbers are easily obtained in the case of deterministic or Erlang distributed lead times. For deterministic lead times we have
In the case of Erlang distributed lead times we obtain for WL 2 rj r*(r + 1) -k*fk -1) a2
For w < rj we have
FinalIy, the numbers cjem are obtained by
To use the PDF-method for the service level, we simply use the probability distribution f~~ct~~~ H,(&) = aj(Si>. The first two mume~ts of the random variable X7 associated with HTffi) can tre To use the PDF-method, we consider the random variable X8 associated with the following probability distribution function H,(Si):
with n, and no as defined above. Using (A2.20), we fmd for the first two moments of X8
J5C-xsl=
To evaluate these two moments we need the Mowing integrals:
These ex~ressio~$ can be evaluated as follows: The values Cr,,j(l, m), Pk,j(l, m), 6,j,(l, m, n) and qk,(l, m) can be obtained recursively as follows:
A. The values a,,j(l, m) basis : After rk + rj iterations we have ak,j(rk, rj). C. The values 6, , j, , (l, m, n) 
